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ABSTRACT A model of pulmonary capillary gas exchange and venous admixture
is presented and the inclusion of this model into a model of the entire respiratory
system is discussed. Partial pressure and concentration gradients for nitrogen,
helium, oxygen, and carbon dioxide are predicted. The cases of breathing room air
and 10% oxygen are studied. In both of these studies the Bohr and Haldane effects
are included, and the "physiological" dissociation curves of oxygen and carbon
dioxide are predicted for the normal case as blood flows from the venous blood end
of the capillary to the arterial blood end. Venous admixture effects are also calcu-
lated for both of these cases. The effects of emphysema, pulmonary congestion, and
altered cardiac function on the gradients are studied.

INTRODUCTION

As blood flows along the pulmonary capillaries, it receives oxygen from the alveoli
and delivers carbon dioxide to them. Thus, concentration gradients for these two
gases develop along the pulmonary capillaries, increasing for oxygen and decreasing
for carbon dioxide. Several factors, such as cardiac output, pulmonary membrane
area and thickness, and blood combining power determine the exact shape of the
gradient curves, and hence the partial pressure differences between alveolar gas and
end capillary blood gas. Carbon dioxide, having a diffusion coefficient about 20
times that of oxygen, diffuses much more rapidly so that equilibrium is thought to
be invariably reached, regardless of changes in these factors. Oxygen equilibrium,
however, is thought to be limited either by blood flow or diffusion under certain
conditions. In the flow-limiting situation, cardiac output is too great to allow equil-
ibration of alveolar and blood oxygen partial pressures. In the diffusion limiting
situation, the pulmonary membrane, perhaps owing to a disease state such as
emphysema or pulmonary congestion, is pathologically altered so that diffusion
occurs too slowly to allow equilibrium to be reached between alveolar gas and blood
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gas. Both cases (that is, flow and diffusion limitation) may of course occur simul-
taneously.
As blood passes out of the pulmonary capillaries, it mixes with blood which has

bypassed the capillaries so that the partial pressures of arterial blood gases are
different from those of end alveolar capillary blood. This effect is the venous ad-
mixture phenomenon.
The purpose of this paper is to develop a theoretical model of pulmonary capil-

lary gas exchange and venous admixture so that it can later be incorporated into a
complete digital computer model of the human respiratory system. Previous at-
tempts at simulating respiratory phenomena (Grodins et al., 1954; Defares et al.,
1960; Horgan and Lange, 1962; Milhorn and Guyton, 1965; Milhorn et al., 1965;
Milhorn and Guyton, 1966; Longobardo et al., 1966; Milhorn et al., 1967) have all
assumed that alveolar capillary partial pressures reach equilibrium with alveolar
gases or have used a simple approximation to account for the alveolar-arterial
partial pressure difference. This approximation has included a lumped combination
of both flow and diffusion limitation and venous admixture effects. The theoretical
analysis which is to follow will investigate the relative importance of each of these
factors separately under several conditions.

Before actually investigating the nonlinear case of oxygen and carbon dioxide,
however, we will take a look at the simpler linear case of the inert gases, nitrogen
and helium.
The basic concept of the development of the equations which is to follow is based

upon the well known Bohr graphic integration technique and is an extension of the
work by Defares and Visser in 1962.

DERIVATION OF EQUATIONS

Fig. 1 shows a schematic diagram of the pulmonary system. Blood enters the pul-
monary system at a rate Q and carries a gas of concentration C, . The blood flow
then splits, the major portion passing through the pulmonary capillaries where it
exchanges gases with the alveoli. A small part of the blood flow, however, bypasses
the capillaries and returns to the arterial blood, thereby causing the venous admix-
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FIGURE 1 The pulmonary system.
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ture effect. In actuality, the venous admixture effect results from (a) true arterio-
venous (a-v) anastomoses, (b) the bronchial veins which drain into the pulmonary
veins, (c) the thebesian veins which return some blood from the myocardium to the
left ventricle, and (d) a nonuniform ventilation/perfusion ratio. In this study we
will lump all of these factors together and treat them as a-v shunts.
The following symbols will be used in deriving the equations of capillary gas ex-

change and venous admixture in the pulmonary system of Fig. 1. The subscript 02
will be added when referring to oxygen, CO2 for carbon dioxide, N2 for nitrogen,
and He2 for helium.

PA
Pa
Pa*
Pa
p

PB
(AP)av

Cv
Ca*
Ca
C

Q
Q.08
a

dQ02/dt

F1(Po2, PC02)
F2(Pc02 , P02)

dq/dt

f
r

x
x

n
Tm

alveolar gas partial pressure (mm Hg)
venous blood gas partial pressure (mm Hg)
end alveolar capillary gas partial pressure (mm Hg)
arterial gas partial pressure (mm Hg)
partial pressure of gas at any point along the pulmonary "capil-
lary" (mm Hg)
barometric pressure (mm Hg)
average partial pressure difference between gas in alveolus and
in pulmonary capillary blood (mm Hg)
venous blood gas concentration (dimensionless)
end pulmonary capillary gas concentration (dimensionless)
arterial gas concentration (dimensionless)
concentration of blood gas at any point along the pulmonary
"capillary" (dimensionless)
cardiac output (liters/min)
pulmonary shunt flow (liters/min)
fraction of Q which is Q8; i.e., O./Q (dimensionless)
solubility coefficient (atm-1)
net rate of diffusion of oxygen across the pulmonary mem-
brane (liters/min)
expression of the oxygen dissociation curve of whole blood
expression of the carbon dioxide dissociation curve of whole
blood
net rate of diffusion of a gas into or out of the small cylinder
shaped element of Fig. 2 (liters/min)
blood flow through a single pulmonary "capillary" (liters/min)
radius of a pulmonary "capillary" (meters)
length of a pulmonary "capillary" (meters)
distance from venous blood end of "capillary" to any point
along the "capillary" (meters)
number of equivalent pulmonary "capillaries" (dimensionless)
effective pulmonary membrane thickness (meters)
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A total pulmonary capillary surface area available for diffusion
(meters2)

K constant which depends upon the physical structure of the pul-
monary membrane (kg112-liters-atm/min-meters)

MW molecular weight (kilograms)
oxygen consumption or carbon dioxide production rate (liters/
min)

DC diffusing capacity of the thin cylinder of Fig. 2 (liters/min/mm
Hg)

D total diffusing capacity (liters/min/mm Hg)
arbitrary constant which varies from zero at the venous blood
end of pulmonary capillary to unity at the arterial blood end
(dimensionless)

The Pulmonary Capillary Gas Exchange Equations

The capillary system of the lungs has been shown to consist of a complex hexagonal
network (Weibel and Gomez, 1962). As is often done in electrical network theory,
an equivalent parallel network will be assumed in this study. The dimensions of
these hypothetical capillaries will, of course, bear no resemblance to the actual
dimensions. In the evolution of the final set of equations, these dimensions will be
eliminated so that they will be of no consequence in the final model.

Fig. 2 shows a schematic diagram of one of the hypothetical pulmonary capil-
laries. The net rate of flow of a gas across the surface area of the thin cylinder can
be expressed as

dq = DC(PA - P), (1)

where dP has been ignored, since dP << P. In this equation, PA is the alveolar par-
tial pressure, P is the partial pressure within the blood of the cylinder, and D,
is the diffusing capacity (transfer coefficient) of the membrane which makes up the
surface of the cylinder. In actuality, the diffusing capacity is composed of two com-
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F\GuR 2 A single pulmonary capillary.
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ponents; i.e., the pulmonary membrane transfer coefficient and the transfer coeffi-
cient (reaction velocity) of the red blood cell. In this study we will consider the
total diffusing capacity and not concern ourselves with its components.
The diffusing capacity of the cylinder can be expressed as a combination of fac-

tors as follows:

De = K ( ) ((MW)a/P ) (2)

In this equation, K is a constant whose value depends upon the physicochemical
structure of the membranes involved, 27rr dx is the surface area of the cylinder,
Tm is the effective membrane thickness (diffusing distance), a/PB is the solubility
coefficient expressed in mm Hg7', and MW is the molecular weight of the gas in-
volved. The ratio (a/PB)/(MW)1/2 is proportional to the diffusion coefficient which
determines the rate of diffusion per mm Hg pressure difference for each gas.
Combining equations 1 and 2, we obtain

dq = K (27rr dx aIPB2 (PAd-(P) (3)dt- Tm /(MW)h1)(P P) 3

According to the law of mass balance (Fick principle), the net rate of flow of
gas across the cylinder must be equal to the blood flow f, times the blood gas con-
centration difference dC between the ends of the cylinder. Hence

dq - f dC. (4)

Setting the right hand side of equation 4 equal to the right hand side of equation 3,
rearranging, and integrating both sides yields

<(pA I p) dC = Kf (K/W)I/2 dx = Kf 1I2X. (5)

Examining equation 5, we see that it contains the hypothetical quantities r, x, and
f. We must now eliminate these. This can be done as follows: The total number of
parallel "capillaries" n, can be expressed as

n = (Q-Q 8)/f. (6)

The total capillary surface area A available for diffusion is

A = (2rrx.)n. (7)
Combining equations 6 and 7, eliminating n, and solving for x. yields

Af
X' = 27rr(Q - Q8) (8)
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If we define an arbitrary constant ,B such that 0 < (3 < 1, we can write the dis-
tance from the venous blood end x along the capillary path as

X = (3Xs (9)

where (3 is zero at the venous blood end and unity at the arterial blood end.
Combining equations 8 and 9 yields

Af Af
x =2(rr(-Qs) 27rrQ(l - (10)

in which a is the fraction of Q which is Q. ; i.e., Q,/Q.
Substituting equation 10 into equation 5 yields the general equation of pulmo-

nary capillary gas exchange:

(e l dC = AW(KT) 1/PQ (11)

in which the constant (KA/Tm) is composed of three membrane factors, K, A, and
Tm . It should be noted that the unknown hypothetical quantities (r, x, f) have
successfully been eliminated.
For a particular gas, all constants in the right hand side of equation 11 have values

which are well substantiated, except for the membrane constant (KA/Tm). The value
of this factor must, therefore, be determined. This is done as follows: The total net
rate of diffusion of oxygen dQo02dt across the entire pulmonary membrane can be
expressed as

dt (K Tm) ((MWO)1/2) (Apo,)a,.X (12)

in which (APO,)av is the average pressure difference between alveolus and pulmo-
nary capillary blood.

Solving equation 12 for (KA/Tm) yields

K A
= (dQo2/dt) (MWo2)"12 (13)

Tm (ao./PB) (APo2)av
In the steady state, dQI2/dt is equal to oxygen consumption VO, and (AP02)v can
be expressed as Po2/DO2 where Do. is the diffusing capacity of oxygen. Substitut-
ing these relationships into equation 13 yields

KT = [(MW )1/2]D (14)

All of the terms on the right hand side of equation 14 have values which are well
substantiated so that (KA/Tm) can now be determined.
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Substitution of MWo0 = 0.032 kg, ao, = 0.022 atm-1, PB = 760 mm Hg, and
Do, = 0.021 liters/min/mm Hg yields a value of 129.3 for KA/Tm . K is therefore

K = (129.3)/(Tm/A).

Values of Tm = 0.5 X 10-6 m and A = 70 m2 yield a numerical value for K of
approximately 9.2 X 10-7. The reason for separating KA/Tm is so that A/Tm can
be maintained as a variable parameter in the final set of equations. Since the entire
term KA/Tm will appear in the final equation, accuracy is not impaired in the
slightest by using approximate values of A and Tm. Any error in the estimation of
these values will be corrected by the determined value of K.

Determination of KA/Tm by the preceding manner insures that we have included
diffusion across the pulmonary membrane, through the plasma, and across the red
cell membrane in the model. We have made the assumption, however, that at the
molecular site, combination with hemoglobin is instantaneous.

Referring to equation 11, it can be seen that a solution for the gradient along the
pulmonary capillary pathway could now be obtained by incrementing B in small
steps from zero to unity, provided we had a relationship between partial pressure
P and concentration C. This relationship is, of course, the respective blood disso-
ciation curve.
Using equation 14, changing the limits of the integral of equation 11 to partial

pressures, and rearranging the right hand side, the general equation of pulmonary
capillary gas exchange in terms of partial pressure becomes

LIX (PA'~ dF(P) = #K (T ) /PB - , (15)
in which F(P) denotes the function of partial pressure related to the concentration
of the respective gas under study. It should be noted that for a given gas, all the fac-
tors in the right hand side of equation 15 are fixed, with the exception of the term
A/TmQ. This means that the capillary gradients can be altered by changes in surface
area, membrane thickness, cardiac output, or any combination of the three. We
will return to this equation later in the paper.

The Venous Admixture Equations

Now, let us consider the venous admixture problem. By reference to Fig. 1, it is
seen that the rate at which gas enters the pulmonary vein QCa can be expressed as

QCa = (Q - Qs)Ca* + 08Cv, (16)

or dividing by Q and using the relationship iQa/ = S

Ca = (1 - 5)Ca* + 5Cv (17)
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In equation 17, C. can be converted to partial pressure by making use of the blood
dissociation curve of the particular gas under study. This will be done later in the
paper.
Equations 15 and 17 are the general equations of pulmonary capillary gas ex-

change and venous admixture. We will adapt these for (a) the linear case of nitrogen
and helium and (b) the nonlinear case of oxygen and carbon dioxide.
To solve for a numerical value of the ratio 5, we solve equation 16 for Q,/Q as

follows:
_ [C_- Cal* (18)

0jLCa - Ca*J
To evaluate the term in the brackets, let us consider the special case of oxygen.
Hence

=[CVO, - C0,o1 9LC0- a02J (19)

or switching to partial pressures

=Fl(Paos X P,c° ) - F1(P*0, P:0)] (20)

F,(a2)PaCO2) - F1(Pa:20 PaC21
Using normal values of P,,O = 40, Pc,00 = 46, P'O, = 104, Pa,CO = 40, Pao, = 97,
and Paco, = 40, and an empirical function F1 which will be discussed later, a value
of 0.013 was determined for 5. This means that in the normal situation, effective
pulmonary a-v shunt flow is 1.3 per cent of cardiac output.

THE LINEAR CASE: N2 AND HE2

In the system under study, linearity depends upon whether the relationship between
concentration and partial pressure in blood of the particular gas under study is
linear or nonlinear. The oxygen and carbon dioxide dissociation curves of whole
blood are clearly nonlinear. Furthermore, the situation is further complicated by
the Bohr and Haldane effects. These effects, coupled with the nonlinear dissociation
curves, make the 02-CO2 system a difficult one to study. The linear case of inert
gases is a simpler one to study because (a) inert gases obey Henry's law in blood
which is linear and (b) there is no coupling with a second gas as in the 02-CO2
case. Therefore, we will consider the linear case first.

In developing the solution for the linear case we will solve equation 15 in general
for any inert gas. We will then adapt it for nitrogen and helium, the two inert gases
which are of importance in different aspects of respiratory physiology.
For the linear case, the gas under study obeys Henry's law in blood; i.e.

C = (a/PB)P, (21)
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in which C is concentration, P is partial pressure, a is the solubility coefficient,
and PB is barometric pressure. Therefore, substituting equation 21 into equation 15,
we obtain

f (PA P) dP = 13K (T )/(MW)1/2(l _-) (22)
Integration of equation 22 yields

g(-PD = AAK(T)/(MW)1/2(l -s) (23)

Taking the exponential of each side and rearranging we obtain our desired solution

P = PA- (PAi- P,) exp [-tPK ( )/(MW)I2( 1 * (24)

Using equation 21, equation 17 can be written in terms of partial pressure as

Pa = (1- 5)Pa* +SPv . (25)

Equations 24 and 25 describe the diffusion and venous admixture effects of inert
gases in the pulmonary system. When these are written specifically for nitrogen and
helium they become

PN2 = PAN- (PAN2 -PI') exp [-iK(A )/ (MWN )12(l _ 5)] (26)

PaN. = (1 - 5)P:N + 5P,NSX (27)

PHe2 = PAneC- (PANae - PI,He,) exp [-3K A )/ (MW )1/2(l - s)] (28)

Pae2 = (1 - )PaHe, + bPvH%e * (29)

Although the actual gradients for N2 and He2 are unrelated, we will consider them
together. Our procedure is equivalent to suddenly replacing half of the inspired
nitrogen with helium and studying the results on gas exchange and venous admix-
ture at desired points of time.
The values of parameters used in this model which hold for any gas and which

will be used again later for the nonlinear cases are:

0 < ,3 < 1 (dimensionless) K = 9.2 X 107 (kg"12-liters-atm/min-meters)
Q = 5.3 liters/mmn A = 70 (m2)
a = 0.013 (dimensionless) Tm = 0.5 X 106 (m)
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The values of parameters used which pertain to the single study of inert gases
which is to follow are:

= 284.5 mm Hg
= 569.0 mm Hg
= 0.012 kg
= 284.5 mm Hg

Pv'He2 = 0.0 mm Hg
MWHe2 = 0.008 kg.
aN2 = 0.0147 (atm-l)
CaHe2 = 0.0094 (atm-1)

Partial pressure gradients for helium and nitrogen are shown in Fig. 3 for PA,, =

284.5, PA.JI = 284.5, P'Ni = 569.0, and P..,,2 = 0. Although alveolar and blood
partial pressures theoretically never reach equilibrium, for the purposes of dis-

CP ~ ~ ~ ~~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~~

X 160-)/ / ~ ~ ~ ~~ -~-A/TmO: normal

/
/2_ A/Tm0- * normal

1 80- / X / a/O A/Tmn a normal

0 OD,05010 0.015 Q020 0o25 1 .0o los05

FIGURE 3 Nitrogen and helium partial pressure gradients along the pulmonary capillary
pathway and venous admixture effects for PAN2 = 284.5, PAH,J = 284.5, P,N2 = 569.0,
and P,,,,,, = 0.

cussion in this paper we will define equilibrium to mean the point at which the
alveolar-blood difference becomes less than 0.1 % of the maximum difference.
Note that equilibrium of alveolar and blood gases occurs very quickly. This is be-
cause of the small quantity of inert gas required to cause large changes in the blood
partial pressure as can be calculated from equation 21. The curve for the normal
value of A/Tm0 is marked by the circles, the situation in which A/Tm,, is reduced
to one-half normal is marked by squares, and the situation in which A/TmQ is
increased to two times normal is marked by the triangles. Venous admixture effects
are shown at ,B = 1.0. Arterial PHe2 drops from 284.5 mm Hg to 281.1 and PN2
rises from 284.5 mm Hg to 288.5.

Concentration gradients for helium and nitrogen are shown in Fig. 4 for the values
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FIGURE 4 Nitrogen and helium concentration gradients along the pulmonary capillary
pathway and venous admixture effects for the values given in Fig. 3.

of parameters given in Fig. 3. Note the very small concentration changes which
occur corresponding to the large partial pressure changes. Again, venous admix-
ture effects are shown at (3 = 1.0. Arterial CHe, drops from 0.00352 to 0.00348 and
CN, rises from 0.00550 to 0.00558.

THE NONLINEAR CASE: 02 AND CO2

Let us now turn our attention to the nonlinear case; i.e., the case of oxygen and car-
bon dioxide. The equations for capillary gas exchange are nonlinear for this case
because of the nonlinear 02 and CO: dissociation curves of blood. The situation is
further complicated by the fact that these curves are dependent upon each other.
The PCo2 affects the oxygen dissociation curve (Bohr effect) and Po, affects the
carbon dioxide dissociation curve (Haldane effect). We will include both of these
effects in our analysis of the nonlinear case.

Equation 15 can be rewritten for oxygen and carbon dioxide as follows:

fPO2( 1 dFl(Po Pc) =f(K(A (M O2)/(1 _ (30)JPI,'PAO - P02/ \Tm02Q/O (M 0)"2(l - )

and

JPCO2 (A (~ O'CO2/PB (1

C2
cPAoC0 -p dF2(PC0,2 =0 3K mQ (MWCo2 2(;- )

in which F1(Po2, PC02) and F2(PC02, P02) are empirical expressions of the 02
and CO2 dissociation curves.
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Similarly, for oxygen and carbon dioxide, equation 17 becomes

and

(32)Ca02 = (1 - 6)Fl(P02 X P*co2) + OFl(P"02 , PVCO2)

Caco2 = (1 - 5)F2(PaCO2 X Pao2) + 6F2(P0CO2, PVO2). (33)

Solution of equations 30, 31, 32, and 33 requires that the functions F1(Po2,
Pc02) and F2(Pc022, P02) be determined. The experimental data from which we will
obtain these two unknown functions is that of Dill (1962). In this reference, vol-
umes per cent is defined as the number of cc's of gas per 100 cc's of blood. Con-
centration as it appears in the preceding derivation is, therefore, equal to volumes
per cent divided by one hundred.

PC02v1
PC02=20

PC02v4O
Pco2m70

/ -5
//// Volumes per cent °2' 20-expxoj(Po2)'

///o/ -PC021 01 x 1035 -02X103 3X,05-a4 xI0& 05X108
1/// 10 29921 -7.5852 1,3784 -2.8369 -1.3696 -1.2622

20 2.9952 3.6959 2.7301 6.1785 0.68663 0.30361
30 2.9955 3.6021 2.3204 4.9006 0.49393 0.19413

5- // 40 2.9957 2.6187 1.9484 3.7880 0.35291 0.12932
1X// 50 2.9957 1.6527 1.5995 2.6384 0.20046 0.059417

0 // eo60 2.9957 3.7759 1.6227 2.7911 023294 0.080011
70 2.9958 4.0046 1.4807 2.3793 0.18820 0.063163

20-

z

cr lo-
w

= 5-

uOF I I I

O 10 20 30 40 50 60 70 80 90 100
Ppot (mm Hg)

The oxyhemoglobin dissociation curve can
range 0-110 mm Hg by

FIGuRE 5 The oxygen dissociation
curve for seven values of Pco,. Only
four of the seven curves are shown.

be fitted very accurately over the

S

volumes per cent 02 = 20 - exp E ai(PO2)i
i=O

(34)

in which ao, - - *, a6 are functions of Pco,2 . Values of these parameters are shown in
Fig. 5 for seven values of Pco,2 ranging from 10-70 mm Hg. Linear interpolation
between sets of these seven curves will be used to obtain intermediate values of vol-
umes per cent 02. F1(Po2 , PC02) can be expressed, then as follows:

S

F1(PO,2, Pc02) = [20 - exp E ai(PO2)i]/l00 + (PO2/PB)aO2 = CO2
i=O

(35)

in which (Po2/PB)ao2 is the dissolved 02 concentration.
The carbon dioxide dissociation curve can be fitted empirically by
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volumes per cent CO2 = aPco, + b(P002)2
1 + cPco2

(36)

in which a, b, and c are functions of Po2 . Values for these parameters are shown in
Fig. 6 for six values of Po2 ranging from 10-140 mm Hg. Again, linear interpolation
will be used between curves.
F2(Pa02, P02), therefore, becomes

F2(Pco2, p02) = aPc02+ bF0 1/o,)
2X2 [ 1 + CPC02

Volumes per cent. ePCO2+b(PCO2)2

/P02 a b x IO2cxl+ I

1A/ ~~~~505.4296 4.3247 -1.2050
/// ~~~~705.4007 4.3283 1.21 82

100 5.2518 4.1169 1.1755 FIGuRE 6
140 5.0890 3.9806 1.1347 tion curv

three of t
10 20 30 40 50 0 70

PCO2 (mm Hg)

100 = Cco02 (37)

The carbon dioxide dissocia-
e for six values of Po2. Only
the six curves are shown.

Solution of equations 30, 31, 35, and 37 yields the partial pressure gradients for

oxygen and carbon dioxide from the venous blood end of the pulmonary capillaries
to the arterial blood end. These equations were solved by means of a digital compu-
ter program as follows: First, equations 30 and 31 were divided by their respective
coefficients of so that fB alone remained on the right hand side of each equation.
Po2 in equation 30 was then incremented in steps of 0.1 mm Hg beginning with
P'02. An iterative procedure was then used to determine the PCo2 value which
caused the two computed values of to fall within a preset tolerance of each other
for each increment in PO2 This procedure was continued until approached suf-

ficiently close to 1.0.

Solution of equations 32, 33, 35, and 37 yields the arterial partial pressures
resulting from venous admixture. These equations were solved for C502 and C8co2
directly. Then, these values, along with the functions F1(Po2, PC02) and F2(Pc02,

P02), were used together in an iterative routine to determine P802 and PCO2 .

Values of the parameters used for the normal case which have not already been

given are as follow:
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PA02 = 104 mm Hg

Pvo2 =40 mmHg

MWO2 = 0.032 kg

a02 = 0.022 atm-'
aco2 = 0.510 atm-'

PAC02 = 40 mmHg

P'Vo2 = 46 mm Hg

MWC02 = 0.044 kg

PB = 760 mm Hg

Solution of all six equations for the normal case as ,B is varied in increments be-
tween zero and unity is shown in Fig. 7. In this figure the results have been normal-
ized. The difference between alveolar and capillary PO2 is taken as ranging from
zero to unity. To keep the direction of the gradient correct, PCO2 has been normal-
ized between zero and unity in the opposite direction (scale not shown). The solid
ascending curve is the partial pressure gradient of oxygen. The concave shape be-
tween /3 = 0 and ,3 = 0.3 can be explained by the convex shape of the oxygen dis-
sociation curve above 40 mm Hg which reduces the partial pressure difference be-
tween alveolus and blood in this range and thereby reduces the rate of diffusion
which would occur if a linear relation existed.

Calculation of the average partial pressure difference (AP02)av yields a value of
13 mm Hg. Multiplication of this value by the diffusing capacity upon which this
curve was based yields an oxygen consumption Po2 of 273 cc/min/mm Hg which is
in the normal range. This serves as a check on the validity of the curve.

w

0..~~~~

FIGURE 7 Normal oxygen and carbon dioxide partial pressure and concentration gradients
along the pulmonary capillary pathway and venous admixture effects for PAQ2 = 104,
PA002 = 40, PVO9 = 40, and Pc = 46.
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The broken line ascending curve is the normal concentration gradient of oxygen
along the capillary pathway. Note the absence of the concavity which appeared in
the partial pressure gradient.
The descending solid curve of Fig. 7 is the normalized PCO2 gradient as ,3 is varied

in increments from zero to unity. The most prominent thing about this curve is that
equilibrium is not reached extremely rapidly as thought by some. Although CO2
does diffuse some twenty times as fast as oxygen, the blood can give up a larger
quantity of CO2 per mm Hg change in partial pressure. This, coupled with the lower
initial difference, prevents the gradient along the capillary path from changing twenty
times as rapidly as that of oxygen. The validity of this curve can be checked as
follows: Assuming a respiratory quotient RQ of 0.85, we obtain a carbon dioxide
production rate JC02 of 232 cc/min. Calculation of the average partial pressure
difference (APco2)av yields 0.566 mm Hg. Division of V002 by (APco,X. yields a
diffusing capacity for carbon dioxide DCO2 of 410 cc/min/mm Hg which is in the
normal range.
The validity of the gradient curves of Fig. 7 is further borne out by a theoretical

analysis of Defares and Visser (1962) which yielded similar results when they di-
vided the diffusing capacity of 02 into 100 equal segments and calculated the partial
pressure gradients of oxygen and carbon dioxide for the normal case; i.e., DcO2:
D02 = 20: 1, and the hypothetical cases of 10: 1 and 40: 1. "Physiological" disso-
ciation curves were also determined for these cases. Similar results were also ob-
tained by Milhorn (1966) in a much less extensive study than the present one in
which the gradients for the normal case alone were investigated separately. In this
study, assumed "physiological" dissociation curves were used so that coupling
between sets of equations for 02 and CO2 was not involved. Furthermore, the ex-
perimental work of Craw et al. (1963) and Forster (1964) has indicated that, "If
anything, the equilibration of CO2 with blood will be slower than that of 02 ."
Examination of the PO2 and PC02 gradients of Fig. 7 will show that the model does
in fact predict that equilibration of alveolar PCo2 with blood is slightly slower
than that of oxygen.
The normal concentration gradient for carbon dioxide is given by the broken line

descending curve of Fig. 7.
At the arterial blood end of the capillaries, the venous blood which has bypassed

the capillaries by way of a-v shunts remixes to give a venous admixture drop in PO2
of 7 mm Hg (Fig. 7), which is in good agreement with the experimental value of 7.3
mm Hg determined by Cole and Bishop (1963), and an increase in PC02 of 0.140
mm Hg (which may be considered negligible). These partial pressure changes cor-
respond to concentration changes of 0.001 and 0.0006 for oxygen and carbon
dioxide, respectively.

Fig. 8 shows the predicted "physiological" oxygen dissociation curve for the nor-
mal case. The numbers along the curve are the corresponding PC02 values.
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Fig. 9 shows the predicted "physiological" carbon dioxide dissociation curve for
the normal case. The numbers along the curve are the corresponding PO2 values.
The broken straight line represents the "physiological" dissociation curve which is
usually used without any real basis. The results shown in Figs. 8 and 9 are similar
to those obtained by Defares and Visser in 1962.
The normalized effects on the Po2 and Pao2 gradients of alteration of the factor

A/TmQ are shown in Fig. 10. The two solid curves (marked by the circles) are the
predicted normal Po2 and PC02 gradients redrawn from Fig. 7. The broken line
curves to the right of these (marked by the triangles) are the predicted gradients for
A/TmQ being one-half normal. This is equivalent in the physiological organism to
(a) the pulmonary membrane surface area A being reduced to one-half of its normal
value, corresponding to emphysema, (b) the pulmonary membrane being twice its
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FIGURE 10 The effect of normal, one-half normal, and two times normal A/TmQ on the oxy-
gen and carbon dioxide partial pressure gradients along the pulmonary capillary pathway for
the constants given in Fig. 7.

normal thickness Tm, corresponding to pulmonary congestion, or (c) the cardiac
output Q being increased to twice normal output. The curves to the left of the nor-
mal curves (marked by the squares) are the predicted Po2 and Pco, gradients for
A/Tm Q being two times normal. This could result from a decreased cardiac output
corresponding to reduced cardiac function, or a greater than normal pulmonary
membrane area, or reduced membrane thickness.
For the case of A/Tm Q being one-half normal (Fig. 10), blood Pco2 just barely

reaches equilibrium with alveolar Pco2 by the time the blood reaches the end of the
capillary. This indicates that a combination of abnormal values for A, Tm, and Q
could cause alveolar-blood partial pressure differences to develop at the end of the
capillary for carbon dioxide as well as oxygen. This has been known to be true for
oxygen for some time, but it has been thought by many that, because of the rapidity
with which CO2 diffuses, blood Pco2 invariably reaches equilibrium with alveolar
Pco2 before leaving the pulmonary capillary. Apparently, this may not always be
true.

Concentration gradients are shown in Fig. 11 for A/Tm Q being one-half normal
(marked by the triangles), normal (marked by the circles) and twice normal (marked
by the squares).
The effect of breathing 10% oxygen on the partial pressure gradients are shown in

Fig. 12. Again, the results have been normalized, so that zero corresponds to 25 mm
Hg and unity corresponds to 40 mm Hg for oxygen. For carbon dioxide, zero cor-
responds to 30 mm Hg and unity corresponds to 35 mm Hg. The ratio of surface
area A to cardiac output Q has been reduced by 20% for this case. The oxygen gra-
dient for the normal situation (marked by the circles) is seen to rise to a maximum
of 33.1 mm Hg which means that a diffusion difference of 6.9 mm Hg exists between
alveolar Po2 and end capillary Po2 . In addition to this, venous admixture adds

HOWARD T. MILHORN, JR. AND PAUL E. PULLEY, JR. Pulmonary Respiration 353



0.88-\ 7 /A°

0.6- CI A -A- A/TmQ a VP normol
0.2 \I -o- A/TmQ = normal

1.-

o aC -o-A/TmQ a 2 x normal
iE. 0.4

w 0.2-

A~~~~~~~~~~~

0 0.1 02 0.3 04 05 0.6 0.7 0.8 09 1.0

FIGUi 11 The effect of normal, one-half normal, and two times normal 4/Tmo on the
concentration gradients of oxygen and carbon dioxide along the pulmonary capillary path-
way for the constants given in Fig. 7.
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FiouRE 12 The effect of breathing 10% oxygen on the oxygen and carbon dioxide partial
pressure gradients along the pulmonary capillary pathway for normal, one-half normal,
and two times normal A/TmQ. PA02 = 40, PAC02 = 30, P~'02 = 25, and PC2= 35.

another 0.22 mm Hg difference, giving a total of 7.12 mm Hg between alveolar gas
and arterial gas. This is in agreement with Lilenthal et al. (1946) who showed that
breathing low oxygen caused only a slight change from normal in the alveolar-
arterial difference. The effect ofA/Tm Q being one-half normal is marked by the
squares and the effect of A/Tm Q being two times normal is marked by the triangles.
The carbon dioxide partial pressure gradient for normal A/Tm iQ is shown by the

descending curve marked with the circles. The effect of A/Tm Q being one-half nor-
mal is marked with the triangles and the effect of A/Tm Q being two times normal
is marked with the squares. It should be noted that diffusion differences between
alveoli and end-capillary blood do exist, although they are small. Combinations of
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FIGURE 13 The effect of breathing 10% oxygen on the oxygen and carbon dioxide con-
centration gradients along the pulmonary capillary pathway for normal, one-half normal,
and two times normal A/TmQ and the constants given in Fig. 12.

abnormal values of A, T., and Q could, in theory, cause larger and possibly sig-
nificant differences.
Normalized concentration gradients are shown in Fig. 13. For oxygen, unity cor-

responds to 0.156 and zero to 0.103. For carbon dioxide, unity corresponds to 0.490
and zero to 0.446.

INCORPORATION INTO A COMPLETE RESPIRATORY
SYSTEM MODEL

As mentioned previously, the objective of this study has been to develop a model
of pulmonary capillary gas exchange and venous admixture which could later be
incorporated into a model of the complete respiratory system. In this section we will
discuss how this could be done. Fig. 14 shows a simplified block diagram of the res-
piratory system. The center block represents the alveolar model, the lower block
represents the capillary gas exchange and venous admixture model (with 8 = 1.0)
which was developed in the present study, and the upper block represents the rest
of the respiratory system model whose details are not pertinent to this discussion.
It is sufficient to say that the latter block contains all of the tissues, the circulatory
controller which determines cardiac output, and the ventilatory controller which
determines alveolar ventilation. Inputs to the alveolar model are alveolar ventilation
PA, inspired 02 partial pressure Pio2, inspired CO2 partial pressure PrC02, and the
end capillary partial pressures P*o, and PA02 . These inputs determine the alveolar
partial pressures PAO2 and PACO2 which become the inputs to the lower block, along
with cardiac output Q and the mixed venous partial pressures P-02 and P'c02.
Outputs of this block are the end capillary partial pressures P*o0 and P:co2 which are
inputs to the alveolar model, and the arterial partial pressures P802 and PACo2 which
are the inputs to the upper block. It is these inputs to the upper block, along with the
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a Pulmonory Capillary FIGURE 14 A simplified block diagram of

GAnd Venous the human respiratory system which in-
Admixture Model cludes the pulmonary capillary gas ex-

change and venous admixture model.

rate of oxygen consumption Po2 and CO2 production Vco,, which determine al-
veolar ventilation JA and cardiac output Q, as well as the venous partial pressures
Plo2 and Pvco02
Because the transit time of blood through the pulmonary capillaries is short

(Roughton, 1945) compared to the time constants of changes in alveolar and ar-
terial blood partial pressures, it is assumed to be instantaneous. New values for
P*02, P*c02, P-02, and PCO2 are, therefore, calculated for each iteration in the over-
all respiratory system model. Development of this over-all respiratory system model
is presently in progress.

SUMMARY AND DISCUSSION

The development of a digital computer model of pulmonary capillary gas exchange
and venous admixture has been presented. The model has been used to predict
partial pressure and concentration gradients along the pulmonary capillary pathway
of helium, nitrogen, oxygen, and carbon dioxide. These studies were done in two
groups. First, the linear case of nitrogen and helium was studied. This case is simpler
than the nonlinear case of oxygen and carbon dioxide because (a) inert gases obey
Henry's law in blood which is linear and (b) there is no coupling between gases.
This study has predicted that capillary blood N2 and He2 reach equilibrium ex-
tremely rapidly and that very minute concentration changes in blood cause very
large partial pressure changes.
The nonlinear case of oxygen and carbon dioxide is more difficult to study because

(a) the dissociation curves of oxygen and carbon dioxide are nonlinear and (b)
oxygen and carbon dioxide are coupled in blood by the Bohr and Haldane effects.
The nonlinear case has been studied for breathing room air (the normal case) and
breathing 10% oxygen. The study of the normal case has predicted several things of
interest as follow: First, the partial pressure of blood reaches equilibrium with
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alveolar oxygen at about two-fifths of the way along the capillary pathway. Carbon
dioxide reaches equilibrium slightly later at about the middle of the capillary.
Secondly, the partial pressure gradient of oxygen has a concave shape due to the
convex shape of the oxygen dissociation curve. This concavity is absent in the con-
centration gradient of oxygen and in both the partial pressure and concentration
gradients of carbon dioxide. The slow change in the blood partial pressure of carbon
dioxide has indicated that in certain disease conditions in which combinations of
altered membrane surface area, membrane thickness, and cardiac output occur,
differences between alveolar Pco2 and end capillary Pco2 may occur. Small differ-
ences do, in fact, occur while breathing low oxygen concentrations.
The present study, although a simplification of the actual system, has been very

informative, and has yielded results which agree well with the small amount of data
present in the literature. The areas of simplification are as follows: (a) The capillary
system has been considered to consist of a parallel network whereas, in truth, it
is a hexagonal mesh network. The mesh is so small that the capillary bed is con-
sidered by many as a thin sheet of blood. Hence, a parallel network is probably a
justifiable assumption. (b) Because of the complexity and dubious effects introduced
by including axial diffusion in the model, it has not been included. (c) The lungs
have been considered to be in a static state; i.e., the studies of this paper are con-
sidered to take place at the end of inspiration or the end of expiration. Effects of
respiration are left for future studies.

This work was supported by a Public Health Service grant-in-aid.
Received for publication 13 October 1967 and in revised form 15 December 1967.
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